S. BERGMAN
Suppose the streamfunction f of a transonic two-dimensional compressible fluid flow is given by the values of ψ and of ψ M on a segment of the sonic line. Here f M is the derivative with respect to the Mach number M.
One of the problems which arises is to determine the regularity domain, say ^, and the location and properties of the singularities of ψ in the subsonic region. Finally, it is of interest to determine ψ in a given domain ϋ^, ϋ^c^?. This problem complex will be called the initial value problem in the large.
ψ, when considered in the physical plane is a solution of a nonlinear partial differential equation. However, by introducing conveniently chosen new variables (instead of the coordinates x, y of the physical plane), we obtain for ψ a linear partial differential equation (see Chaplygin [12] and Molenbroek [23] ).
The linear equation which we obtain in this way, see (1.4), is of mixed type. However, it is possible to use the theory of integral operators in the study of the behavior of ψ in the subsonic region.
The theory of integral operators investigates the solutions of linear partial differentiation equations of the form Then this approach reduces the study whether ψ is regular in a domain Si to the investigation whether or not an analytic function f(Z tJ , Z m ) of m complex variables Z k = x k + iy k , k -1, 2, , m, given by its power series development [9] , [13] , [20] , [15] , [16], [17] .) In the case of one variable, i.e., if f(Z) ^Y_,A V Z V is given, two methods can be used to determine the regularity domain and the location and character of the singularities of / from given A», v = 1, 2, . (I) the Hadamard-Polya-Mandelbrojt approach, (II) the theory of Hubert spaces possessing a kernel function. Two possibilities should be mentioned proceeding along the lines of (II): (a) the use of functions which are simultaneously orthogonal in two domains έ% ? and ^, & <Z-&, see [8] , (b) some results by Schiffer, Siciak and the author which give conditions for the coefficients A v in order that an analytic function given by its series development Σ~^A V Z V is regular and square integrable in a given domain £gf (possessing a kernel function), see [11] , [30] .
The streamfunction ψ of a two-dimensional compressible fluid flow satisfies an equation of mixed type, namely
where l(H) is an analytic function of H, which is real for real H and such that
l(H) is supposed to be regular in a sufficiently large domain including H = 0. Further we assume that, if we reduce (1.4) to the normal form (1.7), l(H) is chosen in such a way that N considered as a function of λ, see (1.6), has a development of the type indicated in (1.7a). The study of (1.4) can be reduced to the study of the equation (1.1) with singular coefficient a n+ι . By the transformation (1.6) -λ= r=O the equation (1.4) in the region H < 0 is transformed into ) is a sufficient condition that ψ satisfies (4.2) and (4.3) can be simplified, (see § §3 and 4 of this paper.) REMARK. Formula (7.15) of [6] has been obtained in replacing c y by (4.1a) of the present paper and applying some further transformations. It should be noted that in formula (7.15) of [6] (as well as in (4) of [9] We assume that E satisfies the following conditions:
(
1) E possesses continuous partial derivatives with respect to all three of its arguments up the second order for (Z, Z*,t)e %? x N( r^) . (2) E satisfies the partial differential equation
(2.2) (1 -f)(E ZH + NE t ) -t~Ή z * + 2tZL(E) = 0 , concerning L see (1.7). If /(ζ) = (ζ) 1/6 p(ζ/2), where p(ζ/2)
is an analytic function of ζ which is defined in a simply connected domain £^, 3? ZD %?(&), then
The proof of the above theorem is given in [5, p. 878 ff.] and [6] see also [1] and [9] , Chapters I and V].
DEFINITION. E(Z, Z*, t) and / are denoted as the generating and associate functions, respectively, of the integral operator P 2 .
After certain auxiliary lemmas are obtained in § 3, we shall prove Theorem 4.1. The latter theorem will enable us to solve the problem mentioned in the introduction. 3* Auxiliary lemma • In this section we shall at first evaluate certain integrals which we shall need in § 4.
In accordance with our assumptions, ^ is a rectifiable (oriented) curve connecting the points 1 and -1 and lying in [|ί| ;> 1].
Proof. Applying Cauchy's theorem to the integral of (3.1), we can reduce the curve ^ to the segment (1, -1) of the real ί-axis. 
, we obtain
When considering Ij 12) , we note that for -1 < t < 0, t = re i7ΐ , r > 0, and therefore The first term on the right-hand side of (3.6) vanishes. In the second term we replace ^ by the segment (1, -1) of the real ί-axis. Introducing τ -t 2 , we obtain
When integrating from 0 to -1, we introduce t = re iπ and thus obtain 1 <3.8)
(1 e ) . 2 Γ(v + 1) The generating function E yielding the representation (2.3) has been determined in [5] , [6] , [7] , [10] . In particular, it has been shown that two functions
(see (1.8a) and [6], p. 453) are solutions of (2.2) for (λ, θ) e c /^ (see (2.4)). Let ψ be equal to the right-hand side of (2.3) wherẽ
then obviously h(ψ) = 0. Here Aj and A 2 are two complex numbers such that
In the following considerations we need Lemma 3.2 yielding the limit relations for the generating function E introduced in (3.11). 14) , we note that after differentiation of (3.18) with respect to λ, the only terms of E λ which contribute to o-( -\) φ E λ are the coefficients of ( -λ)~1 
Im
Since dyd 2 is real, from (4.4), (3.12) and (4.5) we infer (4.2). It is easy to see that
2) ] Φ 0 in the case under consideration. We now consider the second condition. We note that In the following we shall discuss a procedure using the approach indicated by (I), see [18] , [21] .
THEOREM 5.1. Suppose that the solution ψ(X, θ) is defined in a sufficiently
small neighborhood of the origin and on a segment (X = 0, -θ t <; θ ^ θy), θ γ > 0, and satisfies the conditions (4.2) and (4.3).
Here ΣΓ=o a[ k) θ v are power series converging absolutely and uniformly for \Θ\<LΘ X . Let and i/r 2v _ 1 (λ, θ) are the real parts of the above integral.
Proof. Since we assumed that Z~ι /6 f(Z/2) is regular in £p\, the representation
converges for (Z/2) e ϋ^ uniformly and absolutely. In the development
we can interchange the order of summation and integration, and we obtain the development (6.1), where ψ u (X, θ) are given by the real and imaginary parts of 1 in (6.3).
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S. BERGMAN 7* A representation of a stream function ψ in the supersonic region* As indicated in [10] , the approach of the present paper can be generalized to the case where λ is replaced by the complex variable (7.1) U=\ + iA, and under some assumptions about
one can determine the associate / in terms of χ 1 and χ 2 . Consequently, the method of integral operators can also be used to consider the initial value problem in the supersonic region. Replacing λ by Z7, see (7.1), and setting λ = 0, we obtain 
In the supersonic case it is convenient to introduce the variable
If we write in analogy to (1.8) In general, we use in the following the same notations as in [5] and [6] . As a rule we write p(Λ) = p(ίA), e.g., q {nk) (A) = q {n > κ) (iΛ). Further, instead of H(T) (see [5] (4.3) , p. 870) we introduced here H(T) (see (7.4") and (7.3a)). Consequently the generating function $ differs from E (iΛ, iΛ, θ) .
In defining the operation
it was assumed that ^ is a curve connecting t -1 with £ = -1 and lying in \t\ ^ 1 (see [5] , p. 872). As in the subsonic case (see [6] (7.12) p. 468), we set (iΛ, θ, t) ,
(7.6') E 2i (Λ, θ, t) = HMWtM, θ, t) .
We shall show that by imposing some additional restrictions on the domain of definition of E(Λ, θ, t) we can use for ^ the curve '*-
(see [6, (4.4) , (4.5), (4.6a), (4.6b), (4.6c), (3.11), (3.12)] or [9, p. 113, (la) , (lb), (2), (3a), (3b), 3c)].)
REMARK. One initial value condition determines uniquely q {n>2) (U). Indeed, the general solution of (7.8') and (7.8") can be written in the form (7.12) Cl n > 2) follows that the second initial value condition used for (7.12) is CLV 1 = 0. In [6, p. 459, (4.43)] , it has been shown that (7.13) and that (7.14) ! \E*(U,θ,t)\ ^ψ ) s>0.
LEMMA 7.1. Let U = iΛ, 0 < A < t [θ/(l -tl) , where (2 + e)t\ < t%, 5 In the first equation of [6, (4.4)], q is missing after AF(λ).
, see (7.6). Then the series on the right-hand side of (7.13) converges absolutely and uniformly for te-£"* and 2 | U\ < t\\ Z\.
Proof. Since {Γ(n + 4/3)/Γ(n + 1)} ^ w + 1, it is sufficient to show that 2Λ/\ f(Λ + θ) | < 1. From our assumptions follows that Θ/Λ > (1 -tf)/tl, therefore, for t e <£T* and A > 0, [28] and [29] . In formula (7.5) with U = iΛ the as-
is a function of a real variable (A + θ). In this case we obtain some modifications of our results.
Operating with functions of one real variable, it is convenient for many purposes to represent them in form of trigonometric series. Analogously, in the case of solutions of (7.3) we introduce a set of solutions of (7.3) REMARK. We note that when introducing a set of particular solutions of the equation of elliptic type, we used {U n }, n = 0, 1, 2, , as associates (see, e.g., [9] 
